Distributions Method in Nonstationary Boundary Value Problems for Wave
  Equations by Alexeyeva, Lyudmila A.
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Àííîòàöèÿ
àññìàòðèâàåòñÿ ìíîãîìåðíûé àíàëîã óðàâíåíèÿ Äàëàìáåðà â ïðîñòðàíñòâå
îáîáùåííûõ óíêöèé. Èçëàãàåòñÿ ìåòîä ïîñòðîåíèÿ óñëîâèé íà ðîíòàõ óäàðíûõ
âîëí. àçðàáîòàí ìåòîä îáîáùåííûõ óíêöèé äëÿ ïîñòðîåíèÿ ðåøåíèé íà÷àëüíî-
êðàåâûõ çàäà÷ äëÿ âîëíîâûõ óðàâíåíèé â ïðîñòðàíñòâàõ ðàçíîé ðàçìåðíîñòè. Ñòðî-
ÿòñÿ äèíàìè÷åñêèå àíàëîãè îðìóë ðèíà è àóññà äëÿ ðåøåíèé âîëíîâûõ óðàâíå-
íèé â ïðîñòðàíñòâå îáîáùåííûõ óíêöèé. Ïîñòðîåíû èõ ðåãóëÿðíûå èíòåãðàëüíûå
ïðåäñòàâëåíèÿ è ñèíãóëÿðíûå ãðàíè÷íûå èíòåãðàëüíûå óðàâíåíèÿ äëÿ ðåøåíèÿ
íà÷àëüíî-êðàåâûõ çàäà÷ ìàòåìàòè÷åñêîé èçèêè.
åøåíèå ìíîãèõ çàäà÷ àêóñòèêè, ãèäðîìåõàíèêè, òåîðèè óïðóãîñòè è äðóãèõ ðàçäå-
ëîâ èçèêè ñâÿçàíî ñ ðåøåíèåì êðàåâûõ çàäà÷ äëÿ âîëíîâîãî óðàâíåíèÿ - ìíîãîìåð-
íîãî àíàëîãà óðàâíåíèÿ Äàëàìáåðà, îïèñûâàþùåãî ïðîöåññû ðàñïðîñòðàíåíèÿ âîëí â
îäíîðîäíûõ èçîòðîïíûõ ñðåäàõ, ïîýòîìó âåñüìà àêòóàëüíî ïîñòðîåíèå ýåêòèâíûõ
ñïîñîáîâ èõ ðåøåíèÿ äëÿ îáëàñòåé ñ ïðîèçâîëüíîé ãåîìåòðèåé è ðàçíîîáðàçíûì âèäîì
ãðàíè÷íûõ óñëîâèé. Ïðèìåíåíèå ÷èñëåííûõ ìåòîäîâ êîíå÷íûõ ðàçíîñòåé, êîíå÷íûõ ýëå-
ìåíòîâ èëè äðóãèõ, ñâÿçàííûõ ñ äèñêðåòèçàöèåé îáëàñòè ðåøåíèÿ, ïðèâîäèò ê ðàçðåøà-
þùèì ñèñòåìàì âûñîêîãî ïîðÿäêà. Îïðåäåëåííûå ñëîæíîñòè âîçíèêàþò ïðè ïîñòðîåíèè
ðàçíîñòíûõ ñåòîê è îáåñïå÷åíèè òî÷íîñòè âûïîëíåíèÿ ãðàíè÷íûõ óñëîâèé è óñëîâèé íà
ðîíòàõ óäàðíûõ âîëí, ãäå ïðîèçâîäíûå óíêöèé òåðïÿò ðàçðûâ.
Íàèáîëåå ýåêòèâíûì ìåòîäîì èññëåäîâàíèÿ òàêèõ çàäà÷ ÿâëÿåòñÿ ìåòîä ãðàíè÷-
íûõ èíòåãðàëüíûõ óðàâíåíèé. ëàâíîå åãî äîñòîèíñòâî - ñíèæåíèå íà ïîðÿäîê ðàç-
ìåðíîñòè ðåøàåìûõ óðàâíåíèé, ÷òî âåñüìà ñóùåñòâåííî, îñîáåííî äëÿ îáëàñòåé, ñî-
äåðæàùèõ áåñêîíå÷íî óäàëåííûå òî÷êè. Ñóùåñòâóþùèå ìåòîäû è ïðîãðàììû ñïëàéí-
àïðîêñèìàöèè ïðîèçâîëüíûõ êîíòóðîâ ñíèìàþò ïðîáëåìó îãðàíè÷åíèÿ îðìû ðàññìàò-
ðèâàåìûõ îáëàñòåé ïðè èñïîëüçîâàíèè ÌÈÓ. Â íàñòîÿùåå âðåìÿ ýòîò ìåòîä øèðîêî
èñïîëüçóåòñÿ äëÿ ðåøåíèÿ ñòàöèîíàðíûõ çàäà÷ ìàòåìàòè÷åñêîé èçèêè, ÷òî ñâÿçàíî ñ
óñïåõàìè â ðàçðàáîòêå òåîðèè ÈÓ äëÿ ýëëèïòè÷åñêèõ óðàâíåíèé è ñèñòåì.
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åøåíèå íåñòàöèîíàðíûõ äèíàìè÷åñêèõ çàäà÷ íà îñíîâå ìåòîäà ÈÓ òðåáóåò ââåäå-
íèÿ ïîíÿòèÿ îáîáùåííîãî ðåøåíèÿ, ÷òî ñâÿçàíî ñ îñîáåííîñòüþ óíäàìåíòàëüíûõ ðå-
øåíèé âîëíîâûõ óðàâíåíèé, êîòîðûå ïðèíàäëåæàò êëàññó îáîáùåííûõ óíêöèé. Êðîìå
òîãî êëàññè÷åñêîå ïîíÿòèå äèåðåíöèðóåìîñòè ðåøåíèé äëÿ ãèïåðáîëè÷åñêèõ óðàâ-
íåíèé ðåçêî ñóæàåò êëàññ çàäà÷, ïîëåçíûõ äëÿ ïðèëîæåíèé. Â ÷àñòíîñòè, òèïè÷íûå
èçè÷åñêèå ïðîöåññû, ñîïðîâîæäàþùèåñÿ óäàðíûìè âîëíàìè, íå îïèñûâàþòñÿ äèå-
ðåíöèðóåìûìè ðåøåíèÿìè ãèïåðáîëè÷åñêèõ óðàâíåíèé.
Çäåñü èçëàãàåòñÿ ìåòîä ÈÓ äëÿ ïîñòðîåíèÿ ðåøåíèé íà÷àëüíî-êðàåâûõ çàäà÷ äëÿ
âîëíîâûõ óðàâíåíèé â ïðîñòðàíñòâàõ ðàçíîé ðàçìåðíîñòè. Ñòðîÿòñÿ äèíàìè÷åñêèå àíà-
ëîãè îðìóë ðèíà äëÿ ðåøåíèé êðàåâûõ çàäà÷ äëÿ âîëíîâîãî óðàâíåíèÿ â ïðîñòðàí-
ñòâå îáîáùåííûõ óíêöèé. Ïîñòðîåíû èõ ðåãóëÿðíûå èíòåãðàëüíûå ïðåäñòàâëåíèÿ è
ñèíãóëÿðíûå ãðàíè÷íûå èíòåãðàëüíûå óðàâíåíèÿ äëÿ ðåøåíèÿ ñîîòâåòñòâóþùèõ íà-
÷àëüíî- êðàåâûõ çàäà÷.
1. Îáîáùåííûå ðåøåíèÿ âîëíîâîãî óðàâíåíèÿ, óäàðíûå âîëíû. àññìàòðè-
âàåòñÿ ìíîãîìåðíûé àíàëîã óðàâíåíèÿ Äàëàìáåðà
cu ≡ ∆u− 1
c2
∂2u
∂t2
= G(x, t), x ∈ RN , t ∈ R1. (1)
Çäåñü c - âîëíîâîé îïåðàòîð (äàëàìáåðòèàí), ∆ - îïåðàòîð Ëàïëàñà, G  ëîêàëüíî
èíòåãðèðóåìàÿ óíêöèÿ.
Óðàâíåíèå (1) ñòðîãî ãèïåðáîëè÷åñêîå, êëàññ åãî ðåøåíèé ñîäåðæèò ðàçðûâíûå ïî
ïðîèçâîäíûì óíêöèè. Ïîâåðõíîñòè ðàçðûâà F â RN+1 ýòî õàðàêòåðèñòè÷åñêèå ïî-
âåðõíîñòè óðàâíåíèÿ (1), êîòîðûå óäîâëåòâîðÿþò õàðàêòåðèñòè÷åñêîìó óðàâíåíèþ â
ïðîñòðàíñòâå RN+1 = {(x, τ ≡ ct)} :
ν2τ −
N∑
j=1
ν2j = 0, (2)
ãäå ν(x, τ) = (ν1, ..., νN , ντ ) - âåêòîð íîðìàëè ê F . Åìó ñîîòâåòñòâóåò êîíóñ õàðàêòåðè-
ñòè÷åñêèõ íîðìàëåé - ñâåòîâîé êîíóñ, äëÿ êîòîðîãî ντ = νN+1 < 0 [1,2℄. Â R
N
òàêèå
ïîâåðõíîñòè äâèæóòñÿ ñ åäèíè÷íîé ñêîðîñòüþ ïî τ :
1 = −ντ/ ‖ν‖N , ‖ν‖N =
√
νjνj (3)
(ïî ïîâòîðÿþùèìñÿ èíäåêñàì i, j â ïðîèçâåäåíèè çäåñü è äàëåå âñþäó ïðîâîäèòñÿ ñóì-
ìèðîâàíèå îò 1 äî N ). Â RN èì ñîîòâåòñòâóþò âîëíîâûå ðîíòû Ft , äâèæóùèåñÿ ñî
ñêîðîñòüþ c ïî âðåìåíè t . Íà íèõ âûïîëíÿþòñÿ óñëîâèÿ íåïðåðûâíîñòè Àäàìàðà :
[u (x, t)]Ft = 0, [u˙+ cni u,i]Ft = 0, (4)
ãäå ÷åðåç [f (x, t)]Ft îáîçíà÷åí ñêà÷îê f íà Ft :
[f (x, t)]Ft = f
+ (x, t)− f− (x, t) = lim
ε→+0
(f (x+ εn, t)− f (x− εn, t)) , x ∈ Ft,
n(x, t) - åäèíè÷íûé âåêòîð íîðìàëè ê Ft , íàïðàâëåííûé â ñòîðîíó ðàñïðîñòðàíåíèÿ
ðîíòà âîëíû:
ni =
νi
‖ν‖N
=
grad Ft
‖grad Ft‖ , i = 1, ..., N ; (5)
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Ïîñëåäíåå ðàâåíñòâî ñïðàâåäëèâî, åñëè óðàâíåíèå ðîíòà âîëíû ìîæíî ïðåäñòàâèòü â
âèäå Ft(x, t) = 0 ïðè óñëîâèè ñóùåñòâîâàíèÿ grad Ft .
Êëàññ ïîäîáíûõ ðåøåíèé ãèïåðáîëè÷åñêèõ óðàâíåíèé íàçûâàþò óäàðíûìè âîëíàìè,
íà èõ ðîíòàõ ïðîèçâîäíûå óíêöèé è äàæå ñàìè óíêöèè ìîãóò òåðïåòü ñêà÷êè.
Èç âòîðîãî óñëîâèÿ (4) ñëåäóåò, íà ðîíòàõ
u˙− + cni u,
−
i = u˙
+ + cni u,
+
i (6)
Åñëè ïåðåä ðîíòîì âîëíû u ≡ 0 (ñðåäà â ïîêîå), ýòî ðàâåíñòâî äàåò ïîëåçíîå ñî-
îòíîøåíèå íà ðîíòå âîëíû: (grad u, n) = −c−1u˙, x ∈ Ft. Çàìåòèì, ÷òî êàñàòåëüíûå
ïðîèçâîäíûå ê õàðàêòåðèñòè÷åñêîé ïîâåðõíîñòè, â ñèëó íåïðåðûâíîñòè u , òàêæå íåïðå-
ðûâíû, ò.å.
[u,τ γτ + ujγj]F = 0 äëÿ ∀γ ∈ RN+1 : (ν, γ) = 0. (7)
Â ÷àñòíîñòè, åñëè γ = γj = (−νj , ντδj1, ντδj2, ντδj2) , ýòî ïðèâîäèò ê óñëîâèÿì âèäà:
[−u,τ νj + ujντ ]F = 0⇒ [u˙nj + cuj]Ft = 0 (8)
Äàëåå ðàññìîòðèì óíêöèè u(x, t) , êîòîðûå íåïðåðûâíû âìåñòå ñ ïðîèçâîäíûìè äî
âòîðîãî ïîðÿäêà âêëþ÷èòåëüíî ïî÷òè âñþäó, çà èñêëþ÷åíèåì êîíå÷íîãî èëè ñ÷åòíîãî
÷èñëà ïîâåðõíîñòåé ðàçðûâà - âîëíîâûõ ðîíòîâ, äîñòàòî÷íî ãëàäêèõ ïî÷òè âñþäó, íà
êîòîðûõ âûïîëíåíû óñëîâèÿ íà ñêà÷êè (1.3). Íàçîâåì òàêèå ðåøåíèÿ êëàññè÷åñêèìè.
Ïîêàæåì, ÷òî îíè ÿâëÿþòñÿ îáîáùåííûìè ðåøåíèÿìè óðàâíåíèé (1).
Äëÿ ýòîãî ðàññìîòðèì (1) íà ïðîñòðàíñòâå îáîáùåííûõ óíêöèé D′(RN+1) =
=
{
fˆ(x, τ)
}
, îïðåäåëåííûõ íà ïðîñòðàíñòâå D(RN+1) = {ϕ(x, τ)} áåñêîíå÷íî äè-
åðåíöèðóåìûõ èíèòíûõ óíêöèé [2℄. Çíà÷åíèå fˆ íà ϕ , êàê ïðèíÿòî , îáîçíà÷àåì
(fˆ , ϕ) . Äëÿ ðåãóëÿðíûõ óíêöèé fˆ , ñîîòâåòñòâóþùèõ ëîêàëüíî èíòåãðèðóåìûì f ,
(fˆ , ϕ) =
∫
RN+1
f(x, τ)ϕ(x, τ)dx1...dxNdτ. Äàëåå îáîçíà÷èì dV (x) = dx1...dxN .
Î ï ð å ä å ë å í è å. Ôóíêöèÿ fˆ ∈ D′(RN) íàçûâàåòñÿ îáîáùåííûì ðåøåíèåì
óðàâíåíèÿ (1) , åñëè äëÿ ëþáîãî ϕ ∈ D(RN+1) âûïîëíÿåòñÿ ðàâåíñòâî: (cfˆ , ϕ) ≡
(fˆ ,cϕ) = (G,ϕ).
Ë å ì ì à 1.1. Åñëè u  êëàññè÷åñêîå ðåøåíèå (1) , òî uˆ ÿâëÿåòñÿ åãî îáîáùåííûì
ðåøåíèåì.
Ä î ê à ç à ò å ë ü ñ ò â î. Åñëè u èìååò êîíå÷íûé ðàçðûâ íà F , òî â D′(RN+1) ,
ñîãëàñíî ïðàâèëàì îïðåäåëåíèÿ îáîáùåííîé ïðîèçâîäíîé [2℄ ,
uˆ,j = u,j +[u]FνjδF (x, τ),
ãäå ïåðâîå ñëàãàåìîå ñïðàâà - êëàññè÷åñêàÿ ïðîèçâîäíàÿ ïî xj , j = 1, ..., N +1, ‖ν‖ =
1, δF - ñèíãóëÿðíàÿ îáîáùåííàÿ óíêöèÿ- ïðîñòîé ñëîé íà F :
([u]FνjδF (x, τ),ϕ(x,τ)) =
∫
F
[u(x,τ)]Fνj(x,τ)ϕ(x,τ)dF (x, t), ∀ϕ ∈ D(RN+1).
Çäåñü èíòåãðàë ïî F ïîâåðõíîñòíûé. Â ñèëó íåïðåðûâíîñòè u âíå ðîíòà âîëíû, [u]F =
lim
ε→+0
(u(x+ ε n, t)− u(x− ε n, t)) = u+(x, t) − u−(x, t) = [u]Ft . Ïîýòîìó, ñ ó÷åòîì (5),
3
ïîëó÷èì: uˆ,j = u,j +[u]FtνjδF (x, τ) =u,j + ‖ν‖N [u]FtnjδF , uˆ,jj = u,jj + [u,j]Ft ‖ν‖N njδF +
∂j
{‖ν‖N [u]FtnjδF} . Â ñèëó (3), uˆ,τ = u,τ +[u]FtντδF = c−1u,t−‖ν‖N [u]FtδF , uˆ,tt =
c−2u,tt−c−1 [u,t]Ft ‖ν‖N δF − ∂τ
{‖ν‖N [u]FtδF} , j = 1, ..., N. Ñ ó÷åòîì ýòèõ ðàâåíñòâ è
óñëîâèé Àäàìàðà (1) , ïîëó÷èì
cuˆ = cu+
{
c−1 [u,t]Ft + [nju,j]Ft
} ‖ν‖N δF (x, τ)+
c−1∂t
{‖ν‖N [u]FtδF (x, τ)}+ ∂j {‖ν‖N [u]FtnjδF (x, τ)} = Gˆ(x, t),
ïîñêîëüêó âñå ïëîòíîñòè ïðîñòûõ è äâîéíûõ ñëîåâ íà Ft ðàâíû íóëþ. Äåéñòâèòåëüíî,
âòîðîå ñëàãàåìîå ðàâíî íóëþ â ñèëó âòîðîãî óñëîâèÿ (4) íà ðîíòàõ. À äâà äðóãèõ â
ñèëó ïåðâîãî, ïîñêîëüêó èõ äåéñòâèå íà îïðåäåëÿåòñÿ òàê:(
c−1∂t
{‖ν‖N [u]FtδF (x, τ)} + ∂j {‖ν‖N [u]FtnjδF (x, τ)} , ϕ(x, t)) =
=
(
‖ν‖N [u]FtδF (x, τ,
∂ϕ
∂n
− ϕ,τ
)
.
×òî è òðåáîâàëîñü äîêàçàòü.
Çàìå÷àíèå 1. Èç ýòîé ëåììû ñëåäóåò, ÷òî óñëîâèÿ íà ðîíòàõ óäàðíûõ âîëí ëåãêî
ïîëó÷èòü, ðàññìàòðèâàÿ êëàññè÷åñêèå ðåøåíèÿ ãèïåðáîëè÷åñêèõ óðàâíåíèé êàê îáîá-
ùåííûå. Äîñòàòî÷íî ïðèðàâíÿòü íóëþ ïëîòíîñòè ñîîòâåòñòâóþùèõ íåçàâèñèìûõ ñèíãó-
ëÿðíûõ îáîáùåííûõ óíêöèé - àíàëîãîâ ïðîñòûõ, äâîéíûõ è äð. ñëîåâ, âîçíèêàþùèõ
ïðè îáîáùåííîì äèåðåíöèðîâàíèè ðåøåíèé. Îïðåäåëåíèå òàêèõ óñëîâèé íà îñíîâå
êëàññè÷åñêèõ ìåòîäîâ âåñüìà òðóäîåìêàÿ ïðîöåäóðà.
Çàìå÷àíèå 2. Óðàâíåíèå (1) äîïóñêàåò îáîáùåííûå ðåøåíèÿ ñî ñêà÷êîì ïðîèçâîäíûõ
è íà ïîäâèæíûõ ïîâåðõíîñòÿõ F (x, t) = 0 , ñêîðîñòü äâèæåíèÿ êîòîðûõ ìîæåò çàâèñåòü
îò òî÷êè ðîíòà: v(x, t) = −F,t / ‖grad F‖ , åñëè íà íèõ âûïîëíÿþòñÿ óñëîâèÿ Àäàìàðà
(4) . Òàêèå ðåøåíèÿ ìîãóò ïîðîæäàòüñÿ ïðàâîé ÷àñòüþ óðàâíåíèÿ, åñëè íîñèòåëü G(x, t)
ðàñøèðÿåòñÿ ñ òå÷åíèåì âðåìåíè â RN .
2. Ïîñòàíîâêà êðàåâûõ çàäà÷ è åäèíñòâåííîñòü ðåøåíèé. Ïóñòü â îáëàñòè
x ∈ S− , îãðàíè÷åííîé ïîâåðõíîñòüþ Ëÿïóíîâà S ([2℄, . 409), ñòðîèòñÿ ðåøåíèå (1)
ïðè t ≥ 0 . Îáîçíà÷èì n = (n1, ..., nN) - åäèíè÷íûé âåêòîð âíåøíåé íîðìàëè ê S ,
D− = S− × R+, S− ∈ RN , R+ = [0,∞) .
Íà÷àëüíûå óñëîâèÿ: ïðè t = 0
u(x, 0) = u0(x) äëÿ x ∈ S− + S, u,t (x, 0) = u˙0(x) äëÿ x ∈ S−. (9)
Çäåñü ðàññìîòðèì äâå êðàåâûå çàäà÷è, ñîîòâåòñòâóþùèå óñëîâèÿì Äèðèõëå è Íåéìàíà.
ðàíè÷íûå óñëîâèÿ:
(ïåðâàÿ ÊÇ)
u(x, t) = uS(x, t) äëÿ x ∈ S, t ≥ 0; (10)
(âòîðàÿ ÊÇ)
ni(x)∂iu(x, t) =
∂u
∂n
= p(x, t) äëÿ x ∈ S, t ≥ 0. (11)
Äëÿ ïåðâîé êðàåâîé çàäà÷è âûïîëíåíû óñëîâèÿ ñîãëàñîâàíèÿ ãðàíè÷íûõ è íà÷àëü-
íûõ äàííûõ:
u0(x) = uS(x, 0) äëÿ x ∈ S. (12)
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Íà âîëíîâûõ ðîíòàõ, åñëè îíè âîçíèêàþò, âûïîëíÿþòñÿ óñëîâèÿ Àäàìàðà (4) .
Çàìåòèì, ÷òî óäàðíûå âîëíû âñåãäà âîçíèêàþò, åñëè íå âûïîëíåíî óñëîâèå ñîãëàñîâàíèÿ
íà÷àëüíûõ è ãðàíè÷íûõ äàííûõ ïî ñêîðîñòÿì:
u˙0(x) = u˙S(x, 0) äëÿ x ∈ S, (13)
÷òî òèïè÷íî äëÿ èçè÷åñêèõ çàäà÷ (çäåñü è äàëåå ∂tu = u˙ ). Â ýòîì ñëó÷àå â íà÷àëüíûé
ìîìåíò âðåìåíè íà ãðàíèöå S îðìèðóåòñÿ ðîíò óäàðíîé âîëíû, êîòîðûé ðàñïðîñòðà-
íÿåòñÿ ñî ñêîðîñòüþ c â RN . Äëÿ ïîñòðîåíèÿ íåïðåðûâíî äèåðåíöèðóåìûõ ðåøåíèé
ýòî óñëîâèå ÿâëÿåòñÿ íåîáõîäèìûì. Çäåñü ìû åãî ââîäèòü íå áóäåì. Ïðåäïîëàãàåòñÿ, ÷òî
íà÷àëüíûå óñëîâèÿ çàäàíû è èçâåñòíî îäíî èç ãðàíè÷íûõ óñëîâèé ñîîòâåòñòâåííî ðàñ-
ñìàòðèâàåìîé êðàåâîé çàäà÷å.
Ââåäåì óíêöèè E = 0, 5
(
u,2τ +
N∑
j=1
u,2j
)
, L = 0, 5
(
u,2τ −
N∑
j=1
u,2j
)
.
Ë å ì ì à 2.1. Åñëè u  êëàññè÷åñêîå ðåøåíèå (1) , òî íà ðîíòàõ
[E]Ft = −c−1
[
u˙
∂u
∂n
]
Ft
(14)
[L(x, t)]Ft = c
−2
(
u˙− +
∂u−
∂n
)
[ u˙] . (15)
Ä î ê à ç à ò å ë ü ñ ò â î. Â ñèëó ðàâåíñòâà: [ab] = a+[b] + b−[a] , ñ ó÷åòîì (1) è (8),
ïîëó÷èì : [
cE + u˙
∂u
∂n
]
=
[
0, 5
(
c−1u˙2 + cu,j u,j
)
+ u˙
∂u
∂n
]
=
= 0, 5
[
u˙
(
c−1u˙ +
∂u
∂n
)]
+ 0, 5 [cu,j u,j ] + 0, 5[u˙
∂u
∂n
] =
= 0, 5c−1
(
u˙+
[
u˙+ c
∂u
∂n
]
+
(
u˙− + cu,−j nj
)
[u˙]
)
+ 0, 5u,+j [ cu,j +u˙nj ] +
+0, 5
(
cu,−j +u˙
−nj
) [
u,?j
]
= 0, 5c−1 [u˙]
(
u˙− + cu,−j nj
)
+
+0, 5 [u,j]
(
cu,−j +u˙
−nj
)
= 0, 5cu,−j [u,j +c
−1nj u˙] + 0, 5c
−1u˙−[cnju,j +u˙] = 0
(çäåñü n - íîðìàëü ê ðîíòó â RN ). Îòñþäà ñëåäóåò îðìóëà (14) ëåììû.
Äàëåå, ïîñêîëüêó [a2] = (a+ + a−) [a] , è â ñèëó (1) è (7), ïîëó÷èì (15):
[L] = 0, 5
[
u,2τ −
N∑
j=1
u,2j
]
= 0, 5
(
u,+τ +u,
−
τ
)
[u,τ ]− 0, 5
(
u,+j +u,
−
j
)
[ u,j] =
= 0, 5
(
u,+τ +u,
−
τ
)
[u,τ ] + 0, 5
(
u,+j +u,
−
j
)
nj [ u,τ ] =
= 0, 5
{(
u,+τ +nju,
+
j
)
+
(
u,−τ +nju,
−
j
)}
[ u,τ ] = c
−2
(
u˙− +
∂u−
∂n
)
[ u˙] .
Çàìå÷àíèå 1. Óñëîâèå (14) ëåãêî ìîæíî ïîëó÷èòü, ðàññìàòðèâàÿ ñîîòâåòñòâóþùåå
óðàâíåíèå â D′(RN+1) : Eˆ,τ −(u,τ u,j ),j = −u,τ G+ {[E] ντ − [u,τ u,j] νj} δF (x, τ) =
= −u,τ G − ‖ν‖N {[E] + [u,τ u,j]nj} δFt(x, t). Ñëåäîâàòåëüíî, ÷òîáû (14) âûïîëíÿëîñü â
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D′(RN+1) , íåîáõîäèìî, ÷òîáû [E]F + [u,τ u,j]F nj =
[
E + c−1u˙ ∂u
∂n
]
F
= 0 , ò.å. âûïîëíÿëàñü
îðìóëà (14).
Çàìå÷àíèå 2. Eñëè ïåðåä ðîíòîì âîëíû u ≡ 0 , òî, ñ ó÷åòîì (6), èìååì [L(x, t)]Ft =
0 , ò.å. â ýòîì ñëó÷àå óíêöèÿ L íåïðåðûâíà.
Ò å î ð å ì à 2.1. Åñëè u(x, t)  êëàññè÷åñêîå ðåøåíèå êðàåâîé çàäà÷è, òî∫
S−
(E(x, t)−E(x, 0))dV (x) = −
t∫
0
dt
∫
D−
G(x, t)u,t dV (x) +
t∫
0
∫
S
(u˙S(x, t)p(x, t)) dS(x)dt
Ä î ê à ç à ò å ë ü ñ ò â î. Óìíîæàÿ (1) íà u,τ â îáëàñòè äèåðåíöèðóåìîñòè, ïîñëå
ïðîñòûõ ïðåîáðàçîâàíèé ïîëó÷èì:
E,τ −(u,τ u,j ),j = −u,τ G. (16)
À òåïåðü ïðîèíòåãðèðóåì (16) ïî D− , ñ ó÷åòîì ðàçáèåíèÿ îáëàñòè èíòåãðèðîâàíèÿ
âîëíîâûìè ðîíòàìè Fk . Çàìåòèì, ÷òî ïåðâûå äâà ñëàãàåìûå ìîæíî ðàññìàòðèâàòü êàê
äèâåðãåíöèþ ñîîòâåòñòâóþùåãî âåêòîðà â ïðîñòðàíñòâå RN+1 , êîòîðàÿ â îáëàñòÿõ ìåæ-
äó ðîíòàìè íåïðåðûâíà. Ïîýòîìó, èñïîëüçóÿ òåîðåìó Îñòðîãðàäñêîãî-àóññà â RN+1 ,
ïîëó÷èì ∫
D−
E,τdV (x)dτ −
∫
D−
(u,τ u,j ),j dV (x)dτ +
∫
D−
u,τ G(x, τ)dV (x)dτ =
=
∫
D−
u,τ G(x, τ)dV (x)dτ +
∫
S−
(E(x, τ)− E(x, 0))dV (x)−
τ∫
0
∫
S
(u,τ u,j nj) dS(x)dτ+
+
∑
Fk
∫
Fk
[Eντ − u,τ u,j νj ]Fk dFk(x, τ) = 0
( dFk(x, τ)) - äèåðåíöèàë ïëîùàäè ïîâåðõíîñòè â ñîîòâåòñòâóþùåé òî÷êå âîëíîâîãî
ðîíòà). Â ñèëó (3) è (14), [Eντ − u,τ u,j νj ]Fk = −c−1‖ν‖N
[
cE + u˙∂u
∂n
]
= 0 . Ïîýòîìó
ïîñëåäíèé èíòåãðàë ðàâåí íóëþ. Ñ ó÷åòîì îáîçíà÷åíèé äëÿ ãðàíè÷íûõ óíêöèé, îòñþäà
ïîëó÷àåì îðìóëó òåîðåìû. Åå ñëåäñòâèåì ÿâëÿåòñÿ ñëåäóþùàÿ òåîðåìà.
Ò å î ð å ì à 2.2. Åñëè êëàññè÷åñêîå ðåøåíèå ïåðâîé (âòîðîé) êðàåâîé çàäà÷è ñóùå-
ñòâóåò, òî îíî åäèíñòâåííî.
Ä î ê à ç à ò å ë ü ñ ò â î. Â ñèëó ëèíåéíîñòè çàäà÷è, äîñòàòî÷íî äîêàçàòü åäèíñòâåí-
íîñòü íóëåâîãî ðåøåíèÿ. Äëÿ íåãî G = 0 , íà÷àëüíûå è ñîîòâåòñòâóþùèå ãðàíè÷íûå
óñëîâèÿ íóëåâûå. Òîãäà, êàê ëåãêî âèäåòü, èç òåîðåìû 2.1 ñëåäóåò:
∫
S−
E(x, t)dV (x) = 0 .
Ïîñêîëüêó E - íåîòðèöàòåëüíà, ñëåäîâàòåëüíî E ≡ 0 ⇒ u = const. Èç íà÷àëüíûõ
óñëîâèé ñëåäóåò u ≡ 0.
Ò å î ð å ì à 2.3. Åñëè u(x, t)  êëàññè÷åñêîå ðåøåíèå êðàåâîé çàäà÷è, òî∫
D−
L(x, t)dV (x)dt =
∫
D−
uG(x, t)dV (x)dt−
t∫
0
∫
S
(uS(x, t)p(x, t)) dS(x)dt+
+c−2
∫
S−
(uu˙(x, t)− u0u˙0(x)) dV (x)
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Ä î ê à ç à ò å ë ü ñ ò â î. Óìíîæàÿ (1) íà u , ïîñëå ïðîñòûõ ïðåîáðàçîâàíèé ïîëó÷èì:
L(x, τ) + (uu,j ),j −(uu,τ ),τ = G. (17)
Ïðîèíòåãðèðóåì (17) ïî îáëàñòè D− ñ ó÷åòîì ðàçáèåíèÿ åå âîëíîâûìè ðîíòàìè Fk .
Àíàëîãè÷íî, êàê â òåîðåìå 2.1, èñïîëüçóÿ òåîðåìó Îñòðîãðàäñêîãî-àóññà, èìååì∫
D−
LdV (x)dτ =
∫
D−
uGdV (x)dτ +
∫
D−
((uu,τ ),τ −(uu,j ),j) dV (x)dτ =
=
∫
D−
uGdV (x)dτ + c−1
∫
S−
(uu,t−u0u˙0) dV (x)−
τ∫
0
dτ
∫
S
uu,j njdS(x)+
+
∑
Fk
∫
Fk
[uu,τ ντ − uu,j νj ]Fk dFk(x, τ).
Â ñèëó óñëîâèé Àäàìàðà (4),ïîñëåäíåå ñëàãàåìîå ðàâíî íóëþ. Ïîýòîìó, ñ ó÷åòîì óñëîâèé
íà ãðàíèöå (10), (11), ïîëó÷èì îðìóëó òåîðåìû.
3. Äèíàìè÷åñêèé àíàëîã îðìóëû ðèíà â D′(RN+1). Äëÿ ïîñòðîåíèÿ ðå-
øåíèÿ ÊÇ ïåðåéäåì â ïðîñòðàíñòâî D′(RN+1) . Äëÿ ýòîãî ââåäåì õàðàêòåðèñòè÷åñêóþ
óíêöèþ îáëàñòè îïðåäåëåíèÿ ðåøåíèÿ H−D(x, t) ≡ H−S (x)H(t) , ãäå H−S (x)  õàðàêòå-
ðèñòè÷åñêàÿ óíêöèÿ ìíîæåñòâà S− ðàâíàÿ 0,5 íà åãî ãðàíèöå S , H(t)  óíêöèÿ
Õåâèñàéäà, ðàâíàÿ 0,5 ïðè t = 0 . H−D - õàðàêòåðèñòè÷åñêàÿ óíêöèÿ ïðîñòðàíñòâåííî-
âðåìåííîãî öèëèíäðà D− = {S− × R+} . Ëåãêî ïîêàçàòü, ÷òî
∂H−D
∂xj
= −njδS(x)H(t), ∂H
−
D
∂t
= −njH−S (x)δ(t). (18)
Ââåäåì îáîáùåííûå óíêöèè uˆ(x, t) = u(x, t)H−D(x, t), Gˆ(x, t) = G(x, t)H
−
S (x)H(t) ,
ãäå u(x, t) êëàññè÷åñêîå ðåøåíèå ÊÇ, è ðàññìîòðèì äåéñòâèå âîëíîâîãî îïåðàòîðà íà
ýòó óíêöèþ. Ïîñêîëüêó [u]S = −u, âûïîëíÿÿ îáîáùåííîå äèåðåíöèðîâàíèå, ïîäîá-
íî òîìó, êàê â ï.1, è èñïîëüçóÿ (1) â îáëàñòè äèåðåíöèðóåìîñòè, ïîëó÷èì
cuˆ (x, t) = −∂u
∂n
δS (x)H (t)−H (t) (unjδS (x)) ,j −
−c−2H−S (x) u0 (x) δ˙(t)− c−2H−S (x) u˙0 (x) δ(t) + Gˆ,
(19)
ãäå β (x, t) δS(x)H(t)  ïðîñòîé ñëîé íà áîêîâîé ïîâåðõíîñòè öèëèíäðà {S ×R+} , δ(t) 
óíêöèÿ Äèðàêà,
∂u
∂n
= u,i ni  ïðîèçâîäíàÿ ïî íîðìàëè n ê S . Çàìåòèì, ÷òî ïëîòíîñòè
ïðîñòûõ è äâîéíûõ ñëîåâ çäåñü îïðåäåëÿþòñÿ ãðàíè÷íûìè óñëîâèÿìè, ÷àñòü èç êîòîðûõ,
â çàâèñèìîñòè îò ðåøàåìîé ÊÇ, èçâåñòíà, è çàäàííûìè íà÷àëüíûìè óñëîâèÿìè.
Êàê èçâåñòíî èç òåîðèè îáîáùåííûõ óíêöèé [2℄, ðåøåíèåì óðàâíåíèÿ (19) ÿâëÿåòñÿ
ñâåðòêà óíäàìåíòàëüíîãî ðåøåíèÿ óðàâíåíèÿ, ñ ïðàâîé ÷àñòüþ óðàâíåíèÿ (18). Â êà-
÷åñòâå òàêîãî âîçüìåì óíäàìåíòàëüíîå ðåøåíèå Uˆ (x, t) , óäîâëåòâîðÿþùåå óñëîâèÿì:
cU = δ(x)δ(t), (20)
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(óñëîâèÿ èçëó÷åíèÿ)
U = 0 ïðè t < 0 è ‖x‖ > ct. (21)
Íàçîâåì åãî óíêöèåé ðèíà óðàâíåíèÿ (1) . åøåíèå (18) ïðåäñòàâèìî â âèäå ñëåäó-
þùåé ñâåðòêè:
uˆ (x, t) = u (x, t)H−S (x)H (t) = −Uˆ (x, t) ∗
∂u
∂n
δS (x)H (t)−
(
Uˆ ∗ unjδS (x)H (t)
)
,j −
−c−2
(
Uˆ ∗
x
H−S (x) u0 (x)
)
,t−c−2Uˆ ∗
x
H−S (x) u˙0 (x) + Gˆ ∗ Uˆ ,
(22)
ãäå èìâîë "
∗
x
"îçíà÷àåò, ÷òî ñâåðòêà áåðåòñÿ òîëüêî ïî x , ïîñêîëüêó ïðè âçÿòèè ñâåðòêè
ìîæíî âîñïîëüçîâàòüñÿ ñâîéñòâîì δ -óíêöèè. Ïðè÷åì ðåøåíèå (22)) åäèíñòâåííî â
êëàññå óíêöèé, äîïóñêàþùèõ ñâåðòêó ñ U .
Çàïèøåì (22)ïðè íóëåâûõ íà÷àëüíûõ äàííûõ è G = 0 , èñïîëüçóÿ ñâîéñòâî äèå-
ðåíöèðîâàíèÿ ñâåðòîê:
uˆ (x, t) = −Uˆ (x, t) ∗ ∂u
∂n
δS (x)H (t)− Uˆ ,j ∗unjδS (x)H (t) . (23)
Ôîðìóëà âûðàæàåò ðåøåíèå ÊÇ ÷åðåç ãðàíè÷íûå çíà÷åíèÿ èñêîìîé óíêöèè è åå
íîðìàëüíîé ïðîèçâîäíîé è àíàëîãè÷íà îðìóëå ðèíà äëÿ ðåøåíèé óðàâíåíèÿ Ëàïëàñà
[2℄. Îäíàêî, â ñèëó îñîáåííîñòåé óíäàìåíòàëüíûõ ðåøåíèé ãèïåðáîëè÷åñêèõ óðàâíåíèé
íà ðîíòå âîëíû, âèä êîòîðûõ çàâèñèò îò ðàçìåðíîñòè ïðîñòðàíñòâà, åå èíòåãðàëüíîå
ïðåäñòàâëåíèå äàåò ðàñõîäÿùèåñÿ èíòåãðàëû (âî âòîðîì ñëàãàåìîì). Äëÿ ïîñòðîåíèÿ åå
ðåãóëÿðíîãî èíòåãðàëüíîãî ïðåäñòàâëåíèÿ ââåäåì óíêöèè  ïåðâîîáðàçíûå ïî t :
Wˆ (x, t) = Uˆ (x, t) ∗ δ (x)H (t) = Uˆ (x, t) ∗
t
H (t) ⇒ ∂tWˆ (x, t) = Uˆ (x, t) ; (24)
Hˆ (x,m, t) =
∂Wˆ (x, t)
∂xi
mi =
∂Wˆ (x, t)
∂m
.
Çàìåòèì, ÷òî â ñèëó îãðàíè÷åííîñòè íîñèòåëÿ ïî t ñëåâà, îáå ñâåðòêè ñóùåñòâóþò. Ëåãêî
âèäåòü, ÷òî îíè òàêæå ÿâëÿþòñÿ ðåøåíèÿìè (1) ïðè G = H(t)δ(x) è G = H(t)∂δ(x,t)
∂m
ñîîòâåòñòâåííî. Ñïðàâåäëèâà ñëåäóþùàÿ òåîðåìà.
Ò å î ð å ì à 3.1. Â D′(RN+1) ðåøåíèå ÊÇ óäîâëåòâîðÿåò óðàâíåíèþ:
uˆ (x, t) = −Uˆ (x, t) ∗ ∂u
∂n
δS (x)H (t)−
(
Wˆ ,j ∗u˙njδS (x)H (t)
)
− (25)
−
(
Wˆ ,j ∗
x
u0 (x)nj (x) δS (x)− c−2Uˆ ∗
x
H−S (x) u˙0 (x)− c−2
(
Uˆ ∗
x
H−S (x) u0 (x)
)
,t+Gˆ ∗ Uˆ
)
Ïðè íóëåâûõ íà÷àëüíûõ äàííûõ è G = 0
uˆ (x, t) = −Uˆ (x, t) ∗ ∂u
∂n
δS (x)H (t)− Wˆ ,j ∗u˙njδS (x)H (t) (26)
Ä î ê à ç à ò å ë ü ñ ò â î. Ëåãêî ïîêàçàòü, ïîëüçóÿñü îïðåäåëåíèåì ïðîèçâîäíîé
îáîáùåííîé óíêöèè è íåïðåðûâíîñòüþ u , ÷òî
(unjδS (x)H (t)) ,t= u˙(x, t)nj(x)δS (x)H (t) + u(x, 0)nj(x)δS (x) δ (t) .
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Èñïîëüçóÿ ýòî ðàâåíñòâî è ñâîéñòâî äèåðåíöèðîâàíèÿ ñâåðòêè, èìååì(
Uˆ ∗ unjδS (x)H (t)
)
,j =
(
Wˆ ,t ∗unjδS (x)H (t)
)
,j = Wˆ ,j ∗ (unjδS (x)H (t)) ,t =
= Wˆ ,j ∗ (unjδS (x)H (t)) ,t = Wˆ ,j ∗u˙(x, t)nj(x)δS (x)H (t) + Wˆ ,j ∗u(x, 0)nj(x)δS (x) δ (t) .
Ïîñêîëüêó Wˆ ,j ∗u(x, 0)nj(x)δS (x) δ (t) = Wˆ ,j ∗
x
u0(x)nj(x)δS (x) , ïîäñòàâëÿÿ ýòè ñîîòíî-
øåíèÿ â (22), ïîëó÷èì îðìóëó òåîðåìû.
Èç òåîðåìû ñëåäóåò, ÷òî ðåøåíèå çàäà÷è ïîëíîñòüþ îïðåäåëÿåòñÿ ãðàíè÷íûìè çíà-
÷åíèÿìè íîðìàëüíîé ïðîèçâîäíîé óíêöèè u (x, t) è åå ñêîðîñòè u˙ . Ïî àíàëîãèè ñ
ïðåäñòàâëåíèåì ðåøåíèé óðàâíåíèÿ Ëàïëàñà, ýòè îðìóëû ìîæíî íàçâàòü äèíàìè÷å-
ñêèì àíàëîãîì îðìóëû ðèíà.
Ôîðìóëà (25) îáëàäàåò ïðåèìóùåñòâîì â ñðàâíåíèè ñ (22), òàê êàê ïîçâîëÿåò ñðàçó
ïåðåéòè ê åå èíòåãðàëüíîé çàïèñè áåç ðåãóëÿðèçàöèè ïîäûíòåãðàëüíûõ óíêöèé íà
ðîíòàõ, êàê ðàíåå áûëî ïðåäëîæåíî â [3℄. Äëÿ x ∈ S îðìóëà (25) äàåò, êàê ïîêàæåì
äàëåå, ãðàíè÷íîå èíòåãðàëüíîå óðàâíåíèå äëÿ ðåøåíèÿ íà÷àëüíî-êðàåâîé çàäà÷è, åñëè
äëÿ x ∈ S èçâåñòíû
u˙ (x, t) = v (x, t) (ïåðâàÿ ÊÇ); (27)
ëèáî
∂u
∂n
= p (x, t) (âòîðàÿ ÊÇ). (28)
Åñëè èçâåñòíî îäíî èç ýòèõ çíà÷åíèé, òî ðåøàÿ ÈÓ íà ãðàíèöå, íàõîäèì âòîðîå, ïîñëå
÷åãî ïî îðìóëå (25) ìîæíî íàéòè u(x, t) .
4. Äèíàìè÷åñêèé àíàëîã îðìóëû àóññà. Ââåäåì óíêöèè
U (x, y, t) = Uˆ (x− y, t) ,W (x, y, t) = Wˆ (x− y, t) , H (x, y,m, t) = Hˆ (x− y,m, t) ,
êîòîðûå, â ñèëó ñâîéñòâ ñèììåòðèè âîëíîâîãî îïåðàòîðà è δ -óíêöèè, óäîâëåòâîðÿþò
ñëåäóþùèì ñîîòíîøåíèÿì ñèììåòðèè
U (x, y, t) = U (y, x, t) , W (x, y, t) = W (y, x, t) ,
∂W
∂xj
= −∂W
∂yj
,
H (x, y,m, t) = −H (y, x,m, t) = −H (x, y,−m, t) .
(29)
Ë å ì ì à 4.1. Â D′(RN+1) äèíàìè÷åñêèé àíàëîã îðìóëû àóññà èìååò âèä :
− Wˆ ,i ∗
x
ni (x) δ (x)− c−2
(
Uˆ ∗
x
H−S (x)
)
,t = H
−
D (x, t) (30)
Ä î ê à ç à ò å ë ü ñ ò â î. Ñâåðíåì îáå ÷àñòè óðàâíåíèÿ (20) äëÿ U ñ H−D(x, t) ,
èñïîëüçóÿ ñâîéñòâà äèåðåíöèðîâàíèÿ ñâåðòîê è (18):
−U,j ∗nj(x)δS (x)H(t)− c−2
(
U,t ∗H−S (x) δ(t)
)
= H−D(x, t)
Âûïîëíÿÿ ñâåðòêó ïî t , ñ ó÷åòîì (24), ïîëó÷èì îðìóëó ëåììû.
Ôîðìóëà (30) ÿâëÿåòñÿ àíàëîãîì èçâåñòíîé îðìóëû àóññà äëÿ ïîòåíöèàëà äâîéíî-
ãî ñëîÿ (ñ.406, [2℄), êîòîðàÿ äàåò èíòåãðàëüíîå ïðåäñòàâëåíèå õàðàêòåðèñòè÷åñêîé óíê-
öèè ìíîæåñòâà ñ èñïîëüçîâàíèåì óíäàìåíòàëüíîãî ðåøåíèÿ óðàâíåíèÿ Ëàïëàñà. Ôîð-
ìóëó àóññà ÷àñòî èñïîëüçóþò äëÿ âûâîäà ÈÓ êðàåâûõ çàäà÷ äëÿ ýëëèïòè÷åñêèõ óðàâ-
íåíèé è ñèñòåì. Àíàëîãè÷íî ìîæíî èñïîëüçîâàòü äèíàìè÷åñêèé àíàëîã îðìóëû àóññà
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äëÿ âûâîäà ÈÓ ãèïåðáîëè÷åñêèõ óðàâíåíèé. Çäåñü äëÿ ïîñòðîåíèÿ ÈÓ âîñïîëüçóåìñÿ
äèíàìè÷åñêèì àíàëîãîì îðìóëû ðèíà.
Èíòåãðàëüíàÿ çàïèñü ýòèõ ñîîòíîøåíèé çàâèñèò îò ðàçìåðíîñòè çàäà÷è. Äàëåå äà-
äèì èíòåãðàëüíîå ïðåäñòàâëåíèå îðìóë òåîðåìû 3.1. è ëåììû 4.1 äëÿ ïðîñòðàíñòâ
ðàçìåðíîñòè N=1,2,3, íàèáîëåå õàðàêòåðíûõ äëÿ èçè÷åñêèõ çàäà÷.
5. ÈÓ äëÿ ïëîñêèõ êðàåâûõ çàäà÷. Â ñëó÷àå N = 2 èìååì ïëîñêóþ çàäà÷ó.
àññìîòðèì âíà÷àëå çàäà÷ó ñ íóëåâûìè íà÷àëüíûìè óñëîâèÿìè. Îáîçíà÷èì dS(y) -
äèåðåíöèàë äëèíû äóãè êðèâîé S â òî÷êå y , St(x) = {y ∈ S, r = ‖y − x‖ < ct} ,
S−t (x) = {y ∈ S−, r < ct} , r = ‖x− y‖ , dV (y) = dy1dy2 .
Ò å î ð å ì à 5.1. Ïðè N = 2 óíêöèÿ uˆ (x, t) , óäîâëåòâîðÿþùàÿ íóëåâûì íà-
÷àëüíûì óñëîâèÿì (u0 = 0, u˙0 = 0) , èìååò ñëåäóþùåå èíòåãðàëüíîå ïðåäñòàâëåíèå:
(ïåðâàÿ îðìà)
uˆ =
c
2π
t∫
0
dτ
∫
Sτ (x)
(
∂u(y, t− τ)
∂n(y)
+
1
r
∂r
∂n(y)
τ u˙(y, t− τ)
)
dS(y)√
(c2τ 2 − r2) , (31)
êîòîðîå, ïðè ïåðåìåíå ïîðÿäêà èíòåãðèðîâàíèÿ, èìååò âèä :
(âòîðàÿ îðìà)
uˆ (x, t) =
c
2π
∫
St(x)
dS (y)
t∫
r/c
∂u (y, t− τ)
∂
n (y)
dτ√
(c2τ 2 − r2)+
+
c
2π
∫
St(x)
1
r
∂r
∂n (y)
ds (y)
t∫
r/c
τ u˙ (y, t− τ) dτ√
(c2τ 2 − r2) .
Äëÿ x ∈ S âòîðîé èíòåãðàë ñïðàâà ñèíãóëÿðíûé, áåðåòñÿ â ñìûñëå ãëàâíîãî çíà÷åíèÿ.
Ä î ê à ç à ò å ë ü ñ ò â î. Äëÿ N = 2 óíêöèÿ ðèíà èìååò ñëåäóþùèé âèä ([2℄, .
206)
Uˆ (x, t) = − cH (ct− R)
2π
√
(c2τ 2 − r2) , R =
√
x21 + x
2
2. (32)
Âû÷èñëÿÿ ïî îðìóëàì (24), íàéäåì Wˆ è Hˆ
Wˆ (x, t) = −H (ct− R)
2π
ln
(
ct−√c2t2 −R2
R
)
, Hˆ (x,m, t) = − ctH (ct− R)
2π
√
c2t2 −R2
xjmj
R2
.
(33)
Åñëè çàïèñàòü ñâåðòêè â (26) â èíòåãðàëüíîì âèäå ñ ó÷åòîì ýòèõ ïðåäñòàâëåíèé, òî
ïîëó÷èì ñîîòíîøåíèÿ òåîðåìû. Çàìåòèì, ÷òî äëÿ x /∈ S èíòåãðàëû ñïðàâà ÿâëÿþòñÿ
ðåãóëÿðíûìè è ïîòîìó äëÿ òàêèõ x ñïðàâà è ñëåâà ñòîÿò ðåãóëÿðíûå óíêöèè. Äîêàæåì
ñïðàâåäëèâîñòü (31) è äëÿ x ∈ S ñ ó÷åòîì îïðåäåëåíèÿ H−S (x) .
Îáîçíà÷èì ǫ -îêðåñòíîñòü òî÷êè x ( ε ≪ ct, t > 0) ÷åðåç Øε(x) = {y : r < ε} ,
S−ε (x) = S
− −Øε (x) , S+ε (x) = S+ −Øε (x) , Oε (x) = {y ∈ S : r ≤ ε} , Sε = S − Oε,
Ø
−
ε = S
− ∩Øε, Ø+ε = S+ ∩Øε, ±ε (x) = {y ∈ S± : r = ε} , r = ‖y − x‖ , r,j = ∂r∂yj =
yj−xj
r
, ∂r
∂n(y)
= r,j nj(y).
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Ïóñòü x∗ ∈ S . Òðàíñîðìèðóåì êîíòóð S â îêðåñòíîñòè òî÷êè x∗ , îáõîäÿ åå ïî ε -
ïîëóîêðóæíîñòè â S− (ε << ct, t > 0) . Çàïèøåì äèíàìè÷åñêèé àíàëîã îðìóëû ðèíà
äëÿ êîíòóðà Sε + 
−
ε â òî÷êå x = x
∗
:
0 =
c
π
∫
Sε(x∗)+−ε (x
∗)
H (ct− r) dS (y)
t∫
r/c
∂u (y, t− τ)
∂n (y)
dτ√
c2τ 2 − r2+
+
c
2π
∫
Sε(x∗)
H (ct− r) 1
r
∂r
∂n (y)
dS (y)
t∫
r/c
τ u˙ (y, t− τ) dτ√
c2τ 2 − r2 +
+
c
2π
∫

−
ε (x
∗)
H (ct− r) 1
r
∂r
∂n (y)
dS (y)
t∫
r/c
τ u˙ (y, t− τ) dτ√
c2τ 2 − r2 .
Ïðè ε → +0 ïåðâûé èíòåãðàë, â ñèëó ñëàáîé îñîáåííîñòè ó ïîäûíòåãðàëüíîé óíê-
öèè, ñòðåìèòñÿ ê èíòåãðàëó ïî S , âòîðîé - ê èíòåãðàëó â ñìûñëå ãëàâíîãî çíà÷åíèÿ,
êîòîðûé òàêæå ñóùåñòâóåò, òàê êàê ïîäûíòåãðàëüíàÿ óíêöèÿ èìååò îñîáåííîñòü âèäà
r−1 è ñîäåðæèò óíêöèþ ∂r
∂n(y)
= nj(y)
(yj−xj)
r
. Ïîñëåäíÿÿ ïðè y → x àñèìïòîòè÷åñêè
ýêâèâàëåíòíà
∂r
∂n(x)
= nj(x)
(yj−xj)
r
, êîòîðàÿ àíòèñèììåòðè÷íà îòíîñèòåëüíî òî÷êè x .
Èíòåãðàëüíûé ñîìíîæèòåëü ïðè r → 0 íå èìååò îñîáåííîñòè.
àññìîòðèì ïîñëåäíåå ñëàãàåìîå, êîòîðîå îáîçíà÷èì Jε (x) . Íà 
−
ε , r = ε,
∂r
∂n(y)
=
−∂r
∂r
= −1, dS (y) = ε dθ , ãäå θ - ïîëÿðíûé óãîë ñ âåðøèíîé â òî÷êå x; θ1 è θ2 - óã-
ëû êîíöîâ 
−
ε , ïðîíóìåðîâàííûå ïî ïîðÿäêó ïðè îáõîäå êîíòóðà ε â ïîëîæèòåëüíîì
íàïðàâëåíèè. Ñ ó÷åòîì ýòèõ ñîîòíîøåíèé
Jε (x) =
c
2π
θ2∫
θ1
ε
ε
dθ
t∫
ε/c
τ u˙ (y, t− τ) dτ√
c2τ 2 − r2 =
(θ2 − θ1) c
2π
t∫
ε/c
τ u˙ (y, t− τ ) dτ√
c2τ 2 − r2 ,
lim
ε→0
(θ2 − θ1) = −π, lim
ε→0
Jε (x) = −0, 5
t∫
0
u˙ (y, t− τ) dτ = −0, 5u (x, t).
Ïåðåíîñÿ ýòî ñëàãàåìîå â ëåâóþ ÷àñòü, ñ ó÷åòîì îïðåäåëåíèÿ H−D(x, t) = 0, 5 äëÿ x ∈ S ,
ïîëó÷èì ñïðàâåäëèâîñòü îðìóëû è íà ãðàíèöå. Ïîñêîëüêó ñëåâà è ñïðàâà â (31) ñòîÿò
ðåãóëÿðíûå îáîáùåííûå óíêöèè, â ñèëó ëåììû Äþáóà-åéìîíà ([2℄, ñ. 97) ðàâåíñòâî,
ñïðàâåäëèâîå â êëàññå îáîáùåííûõ óíêöèé, ñïðàâåäëèâî è â îáû÷íîì ñìûñëå. Òåîðåìà
äîêàçàíà.
Äëÿ îïðåäåëåíèÿ íåèçâåñòíîé ãðàíè÷íîé óíêöèè ïðè ðåøåíèè êðàåâûõ çàäà÷ ñî-
îòíîøåíèå (31) äàåò ãðàíè÷íîå èíòåãðàëüíîå óðàâíåíèå:
πc−1uS (x, t) =
=
∫
St(x)
dS (y)
t∫
r/c
∂u (y, t− τ)
∂n (y)
dτ√
c2τ 2 − r2 + V.P.
∫
St(x)
1
r
∂r
∂n (y)
dS (y)
t∫
r/c
τ u˙S (y, t− τ) dτ√
c2τ 2 − r2 .
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Â ñëó÷àå ïåðâîé êðàåâîé çàäà÷è ëåâàÿ ÷àñòü óðàâíåíèÿ è âòîðîé èíòåãðàë ñïðàâà èç-
âåñòíû, îïðåäåëÿþòñÿ ãðàíè÷íûì óñëîâèåì, à ïåðâûé èíòåãðàë ñîäåðæèò ÿäðî ñî ñëà-
áîé îñîáåííîñòüþ, íî íå â òî÷êå, êàê îáû÷íî äëÿ ýëëèïòè÷åñêèõ çàäà÷, à íà ðîíòå
óíêöèè ðèíà. åøàÿ åãî, îïðåäåëÿåì íîðìàëüíóþ ïðîèçâîäíóþ èñêîìîé óíêöèè íà
ãðàíèöå, ïîñëå ÷åãî îðìóëà (31) ïîçâîëÿåò âû÷èñëèòü ðåøåíèå â ëþáîé òî÷êå îáëàñòè
îïðåäåëåíèÿ. Â ñëó÷àå âòîðîé êðàåâîé çàäà÷è èìååì ñèíãóëÿðíîå ÈÓ äëÿ îïðåäåëå-
íèÿ íåèçâåñòíûõ ãðàíè÷íûõ èñêîìîé óíêöèè u. åøàÿ åãî, îïðåäåëÿåì åå çíà÷åíèÿ íà
ãðàíèöå, ïîñëå ÷åãî (5.1) îïðåäåëÿåò ðåøåíèå.
Â ñëó÷àå íåíóëåâûõ íà÷àëüíûõ óñëîâèé ðåøåíèå çàäà÷è äàåò ñëåäóþùàÿ òåîðåìà.
Ò å î ð å ì à 5.2. Ïðè N = 2 óíêöèÿ ðåøåíèå ÊÇ, èìååò ñëåäóþùåå èíòåãðàëüíîå
ïðåäñòàâëåíèå:
2πuˆ =
t∫
0
dτ
∫
Sτ (x)
(
∂u (y, t− τ )
∂n (y)
+
1
r
∂r
∂n (y)
τ u˙ (y, t− τ)
)
dS (y)√
τ 2 − (r/c)2
+
+
∂
∂t
∫
S−t (x)
u0(y)dV (y)
c
√
c2t2 − r2−?
∫
S−t (x)
u˙0(y)dV (y)
c
√
c2t2 − r2 + c
t∫
0
dτ
∫
Sτ (x)
G(y, t− τ)dV (y)√
c2τ 2 − r2 +
−
∫
St(x)
u0(y)
ct
r
∂r
∂n (y)
dS (y)√
c2τ 2 − r2
Ä î ê à ç à ò å ë ü ñ ò â î ñëåäóåò èç òåîðåìû 4.1. è 5.2. , åñëè çàïèñàòü ñâåðòêè ñ
íà÷àëüíûìè äàííûìè â èíòåãðàëüíîì âèäå. Çäåñü èíòåãðàëû ñî âòîðîãî äî ÷åòâåðòîãî
ñîâïàäàþò ñ îðìóëîé Ïóàññîíà äëÿ çàäà÷è Êîøè. Ïîñëåäíåå äîïîëíèòåëüíîå ñëàãàåìîå
ñ íà÷àëüíûìè äàííûìè îáóñëîâëåíî íàëè÷èåì ãðàíèöû îáëàñòè.
Èñïîëüçóÿ ñîîòíîøåíèÿ (32), äèíàìè÷åñêèé àíàëîã îðìóëû àóññà ìîæíî çàïèñàòü
â èíòåãðàëüíîì âèäå.
Ë å ì ì à 5.1. Ïðè N = 2 äèíàìè÷åñêèé àíàëîã îðìóëû àóññà èìååò ñëåäóþùèé
âèä :
V.P.
∫
Sτ (x)
1√
1− (r/ct)2
∂
∂n (y)
(
ln
1
r
)
dS (y) +
∂
c∂t
∫
S−t (x)
dV (y)√
c2t2 − r2 = 2πH
−
S (x)H(t),
ãäå èíòåãðàë â ñìûñëå ãëàâíîãî çíà÷åíèÿ áåðåòñÿ äëÿ ãðàíè÷íûõ òî÷åê.
Ä î ê à ç à ò å ë ü ñ ò â î . Ôîðìóëó ëåììû 4.1 , ñ ó÷åòîì (32),(33), ìîæíî çàïèñàòü
òàê
−
∫
St(x)
ct√
c2t2 − r2
1
r
∂r
∂n (y)
dS(y) +
∂
c∂t
∫
S−t (x)
dV (y)√
c2t2 − r2 = 2πH
−
S (x)H(t) (34)
Ïîêàæåì, ÷òî ýòî ðàâåíñòâî, ñïðàâåäëèâîå â îáëàñòè ðåãóëÿðíîñòè , ñîõðàíÿåòñÿ è äëÿ
x ∈ S , åñëè ñèíãóëÿðíûé èíòåãðàë ñëåâà, êîòîðûé ñîäåðæèò ñèëüíóþ îñîáåííîñòü ïî
r , áðàòü â ñìûñëå ãëàâíîãî çíà÷åíèÿ. Àíàëîãè÷íî (34) äëÿ îáëàñòè ñ âûêîëîòîé ε -
îêðåñòíîñòüþ òî÷êè x ïîëó÷èì
−
∫
Sε+−ε
ct H (ct− r)√
c2τ 2 − r2
1
r
∂r
∂n (y)
dS (y) +
∂
c∂t
∫
S−ε (x)
H (ct− r) dV (y)√
c2τ 2 − r2 = 0,
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−
∫
Sε++ε
ct H (ct− r)√
c2τ 2 − r2
1
r
∂r
∂n (y)
ds (y) +
∂
c∂t
∫
S−ε (x)+Øε
H (ct− r) dv (y)√
c2τ 2 − r2 = 2π.
Íà 
+
ε
∂r
∂n(y)
= 1 , íà −ε
∂r
∂n(y)
= −1 , ïîýòîìó, åñëè îáà ðàâåíñòâà ñëîæèòü è ïîäåëèòü
íà 2, ñ ó÷åòîì ñâîéñòâ ñèììåòðèè ïîäûíòåãðàëüíûõ óíêöèé (29), ïîëó÷èì
−
∫
Sε
ct H(ct− r)√
c2τ 2 − r2
1
r
∂r
∂n (y)
dS(y) +
∂
c∂t
∫
S−ε (x)
H(ct− r)dV (y)√
c2τ 2 − r2 +
∫
Øε(x)
H(ct− r)dV (y)√
c2τ 2 − r2 = π
(35)
Ïîñëåäíèé èíòåãðàë âû÷èñëÿåòñÿ ïåðåõîäîì ê ïîëÿðíîé ñèñòåìå êîîðäèíàò. Ïðè ε < ct
Iε (x, t) =
∫
Øε(x)
H (ct− r) dv (y)√
c2τ 2 − r2 =
2pi∫
0
dθ
ε∫
0
rdr√
c2τ 2 − r2 = 2π(ct−
√
c2τ 2 − r2) ⇒
lim
ε→0
∂Iε
∂t
= 2πc lim
ε→0
(
1− ct√
c2τ 2 − r2
)
= 0 äëÿ∀t > 0.
Ïåðåõîäÿ ê ïðåäåëó ïî ε→ 0 â ðàâåíñòâå (35) , äëÿ x ∈ S , t > 0 ïîëó÷èì
−V.P.
∫
St(x)
ct√
c2τ 2 − r2
1
r
∂r
∂n (y)
dS (y) +
∂
c∂t
∫
S−t (x)
dV (y)√
c2τ 2 − r2 = π.
Òî åñòü, ñ ó÷åòîì îïðåäåëåíèÿ H−S (x) , îðìóëà (34) ñïðàâåäëèâà äëÿ ëþáûõ x . Èç ýòîé
îðìóëû ýëåìåíòàðíûìè ïðåîáðàçîâàíèÿìè ïîëó÷àåì îðìóëó ëåììû.
6. ÈÓ ïðîñòðàíñòâåííûõ êðàåâûõ çàäà÷ (N = 3).
Ò å î ð å ì à 6.1. Äëÿ N = 3 ðåøåíèå ÊÇ ïðåäñòàâèìî â âèäå: äëÿ x ∈ S−
4πu (x, t) =
∫
St(x)
{
1
r
∂u (y, t− r/c)
∂n (y)
− u (y, t− r/c) ∂
∂n (y)
1
r
+ c−1u˙ (y, t− r/c) ∂ ln r
∂n (y)
}
dS (y)+
+c−1
∂
∂t
∫
St(x)
u0 (y)
∂ ln r
∂n (y)
dS (y) +


∫
r=ct
u˙0 (y)
c2t
H−S (y)dS (y) +
∂
∂t
∫
r=ct
u0 (y)
c2t
H−S (y) dS (y)

−
−
∫
S−t (x)
r−1G(x, t− r/c) äëÿ x ∈ S;
2πu (x, t) =
∫
St(x)
{
1
r
∂u (y, t− r/c)
∂n (y)
+
u˙ (y, t− r/c)
c
∂ ln r
∂n (y)
}
dS (y)−
−V.P.
∫
St(x)
u (y, t− r/c) ∂
∂n (y)
1
r
ds (y) + c−1
∂
∂t
∫
St(x)
u0 (y)
∂ ln r
∂n (y)
dS (y)+
+
∫
r=ct
u˙0 (y)
c2t
H−S (y) dS (y) +
∂
∂t
∫
r=ct
u0 (y)
c2t
H−S (y)dS (y)−
∫
S−t (x)
G(x, t− r/c)
r
dV (y)
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Ä î ê à ç à ò å ë ü ñ ò â î . Ïðè N = 3 Uˆ(x, t) - ïðîñòîé ñëîé íà ïîâåðõíîñòè êîíóñà
Kt = {(x, t) : ‖x‖ = ct} , êîòîðûé, â îòëè÷èå îò îðìóëû â ([4℄, ñ. 206), óäîáíî çàïèñàòü
â âèäå
Uˆ (x, t) = −δ (t−R/c)
4πR
,R =
√
x21 + x
2
2 + x
2
3 (36)
Äëÿ ëþáûõ ϕ (x, t) ∈ D (R4) (6.1) îïðåäåëÿåò ëèíåéíûé óíêöèîíàë âèäà:
(U, ϕ) = − 1
4π
∫
R3
ϕ (x, ‖x‖ /c)
‖x‖ dV (x)
Ïî îðìóëàì (24) íàéäåì
Wˆ (x, t) = −H (ct−R)
4πR
, Hˆ (x,m, t) =
1
4π
xjmj
R2
(
c−1δ (t− R/c) + H (ct− R)
R
)
. (37)
Äëÿ ïîñòðîåíèÿ èíòåãðàëüíûõ ïðåäñòàâëåíèé äèíàìè÷åñêèõ àíàëîãîâ îðìóë ðèíà
è àóññà âîñïîëüçóåìñÿ ñëåäóþùèìè ðàâåíñòâàìè, êîòîðûå ìîæíî ïîëó÷èòü íà îñíîâå
îïðåäåëåíèÿ îïåðàöèè ñâåðòêè îáîáùåííûõ óíêöèé:
α (x) δ (t−R/c) ∗ f (x, t)H (t) = H (t)
∫
St(x)
α (x− y) f (y, t− r/c) dS (y)
β (x, t) δS (x)H (t) ∗ f (x, t)H (t) = H (t)
t∫
0
dτ
∫
St(x)
β (y, t− τ ) f (x− y, τ) dS (y)
α (x) δ (t− R/c) ∗ β (x, t) δS (x)H (t) = H (t)
∫
St(x)
α (x− y) β (y, t− r/ c) ds (y),
α (x) δ (t− R/c) ∗
x
γ (x) δS (x) =
∂
∂t
∫
St(x)
α (x− y) γ (y) ds (y)
α (x) δ (t−R/c) ∗
x
H−S (x) = c
−1H (t)
∫
r=ct
α (x− y)H−S (y)ds (y).
Âû÷èñëèì ñâåðòêè â (25) ñ ó÷åòîì ýòèõ ñîîòíîøåíèé. Ïåðâîå ñëàãàåìîå ðàâíî
−Uˆ (x, t) ∗ ∂u
∂n
δS (x)H (t) =
δ (t− R/c)
4πR
∗ ∂u
∂n
δS (x)H (t) =
H (t)
4π
∫
St(x)
1
r
∂u (y, t− r/c)
∂n(y)
dS (y).
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Âòîðîå ñëàãàåìîå (−4π Wˆ ,j ∗u˙(x, t)nj(x)δS (x)H (t) ) ðàâíî ñóììå äâóõ ñâåðòîê:
− 1
4πc
xj
R2
δ (t− ‖x‖ /c) ∗ u˙(x, t)nj(x)δS (x)H (t) = H(t)
c
∫
St(x)
r−1u˙(y, t− r/c)r,j nj(y)dS(y) =
= c−1H(t)
∫
St(x)
u˙(y, t− r/c) ∂ ln r
∂n(y)
dS(y)− xj
R3
H (ct− ‖x‖) ∗ u˙(x, t)nj(x)δS (x)H (t) =
= H(t)
t∫
0
dτ
∫
St(x)
r,j nj(y)
r2
u˙(y, t− τ) dS(y) = H(t)
∫
St(x)
∂r
r2∂n(y)
dS(y)
t∫
0
u˙(y, t− τ)dτ =
= H(t)
∫
St(x)
u0(y)
∂r−1
∂n(y)
dS(y)−H(t)
∫
St(x)
u(y, t)
∂r−1
∂n(y)
dS(y)
Òðåòüå ñëàãàåìîå -
−4π Wˆ ,j ∗
x
u0 (x)nj (x) δS (x) = − xj
R2
(
c−1δ (t−R/c) + H (ct−R)
R
)
∗
x
u0 (x)nj (x) δS (x) =
=
∂
c∂t
∫
St(x)
yj − xj
r2
u0 (y)nj (y) dS (y) +
∫
St(x)
yj − xj
r3
u0 (y)nj (y) dS (y) =
=
∂
c∂t
∫
St(x)
∂ ln r
∂n (y)
u0 (y) dS (y)−
∫
St(x)
∂r−1
∂n (y)
u0 (y) dS (y)
Ïîñëåäíèå òðè ñëàãàåìûå äàþò èçâåñòíóþ îðìóëó Êèðõãîà äëÿ ðåøåíèÿ çàäà÷è Êî-
øè [ 1,2℄. Ñêëàäûâàÿ ýòè ñâåðòêè, ïîëó÷èì îðìóëó òåîðåìû.
Â ÷àñòè, çàâèñÿùåé îò íà÷àëüíûõ äàííûõ, â îðìóëå òåîðåìû äîáàâëÿåòñÿ ñëàãàå-
ìîå, îáóñëîâëåííîå íàëè÷èåì ãðàíèöû S . Îíî èñ÷åçàåò ïðè t > t∗(x), t∗(x) = max
y∈S
‖x−y‖
c
,
ò.ê. St (x) = S è èíòåãðàë íå çàâèñèò îò t.
Â îðìóëå (18) äëÿ x /∈ S, t > 0 âñå èíòåãðàëû ñóùåñòâóþò. Äîêàçàòåëüñòâî åå
ïðè x ∈ S ïîäîáíî ï.5. Ïðè ýòîì ñèëüíóþ îñîáåííîñòü èìååò âòîðîå ñëàãàåìîå ñïðàâà.
Ïîñêîëüêó â ýòîì ñëó÷àå íà 
−
ε
lim
ε→0
∫

−
ε
u
(
y, t− r
c
) ∂
∂n (y)
1
r
dS (y) = limε→0
1
ε2
∫
−
ε
u
(
y, t− r
c
)
dS (y) = −2πu (x, t) ,
ÿñíî, ÷òî äëÿ x ∈ S (6.1) ñîõðàíÿåò âèä, åñëè ñîîòâåòñòâóþùèé ñèíãóëÿðíûé èíòåãðàë
ïîíèìàòü â ñìûñëå ãëàâíîãî çíà÷åíèÿ è ó÷åñòü çíà÷åíèå H−S (x) íà ãðàíèöå S .
Äëÿ x ∈ S îðìóëà äàåò ñèíãóëÿðíûå ÈÓ äëÿ ðåøåíèÿ âòîðîé êðàåâîé çàäà÷è. Äëÿ
ïåðâîé êðàåâîé çàäà÷è ýòà æå îðìóëà äàåò ÈÓ, íî óæå íå ñèíãóëÿðíîå. Ýòè óðàâíåíèÿ
òàêæå íå íå ÿâëÿþòñÿ ðåäãîëüìîâñêèìè. åøåíèå âîïðîñà èõ ðàçðåøèìîñòè, êàê è â
ïëîñêîì ñëó÷àå, ïðåäëàãàþ çàèíòåðåñîâàííîìó ÷èòàòåëþ.
Èñïîëüçóÿ ñîîòíîøåíèÿ (3.4)-(3.6) äèíàìè÷åñêèé àíàëîã îðìóëû àóññà òàêæå ìîæ-
íî çàïèñàòü â èíòåãðàëüíîì âèäå. Ñîðìóëèðóåì ðåçóëüòàò.
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Ë å ì ì à 6.1. Ïðè N=3 äèíàìè÷åñêèé àíàëîã îðìóëû àóññà èìååò ñëåäóþùèé âèä
∫
St(x)
∂r−1
∂n (y)
dS (y) +
1
c
∂
∂t


∫
r=ct
H−S (y)
r
dS (y)+
∫
St(x)
∂ ln r
∂n (y)
dS (y)

 = 4πH−S (x)H (t)
Ïðè t > t∗ (x) îòñþäà ñëåäóåò èçâåñòíàÿ îðìóëà àóññà [ 2℄:∫
S
∂r−1
∂n (y)
dS (y) = 4πH−S (x) . (38)
Ä î ê à ç à ò å ë ü ñ ò â î ýòîé îðìóëû àíàëîãè÷íî äîêàçàòåëüñòâó ëåììû 5.1.
Çàìåòèì, îäíàêî, ÷òî ïðè N = 2 èç îðìóë ëåììû 5.1 íå ñëåäóåò äâóõìåðíûé àíàëîã
îðìóëû àóññà.
7. åøåíèå êðàåâûõ çàäà÷ äëÿ óðàâíåíèÿ Äàëàìáåðà (N=1).
Ò å î ð å ì à 7.1. åøåíèå êðàåâûõ çàäà÷ äëÿ N = 1 èìååò ñëåäóþùåå èíòåãðàëüíîå
ïðåäñòàâëåíèå
2uˆ = c

H (ct− |x− a2|)
t∫
|x−a2|/c
u,x (a2, τ ) dτ −H (ct− |x− a1|)
t∫
|x−a1|/c
u,x (a1, τ) dτ

+
+ sgn (x− a1)H (ct− |x− a1|)u
(
a1, t− |x− a1|
c
)
−
− sgn (x− a2)H (ct− |x− a2|) u
(
a2, t− |x− a2|
c
)
+
+c−1
a2∫
a1
u˙0 (y)H(ct− |x− y|)dy + u0 (x+ ct)H−S (x+ ct) + u0 (x− ct)H−S (x− ct) .
(39)
Ä î ê à ç à ò å ë ü ñ ò â î. Îáîçíà÷èì x1 = x . Â ýòîì ñëó÷àå ([2℄, ñ.206)
Uˆ (x, t) = − c
2
H (ct− |x|) , Uˆ ,t = − c
2
δ (t− |x| /c) (40)
Wˆ (x, t) = − c
2
H (ct− |x|) (ct− |x|) , Wˆ ,x (x, t) = c
2
H (ct− |x|) sgn x, (41)
ãäå
sgn x =


1, x > 0
0, x = 0
−1, x < 0
(42)
Â îäíîìåðíîì ñëó÷àå äëÿ ïîñòðîåíèÿ èíòåãðàëüíîãî àíàëîãà îðìóëû ðèíà íåïî-
ñðåäñòâåííî âîñïîëüçîâàòüñÿ îðìóëîé (25) íåëüçÿ, òàê êàê íå îïðåäåëåíû íåêîòîðûå
èç âõîäÿùèõ â íåå óíêöèé. Ìîæíî ïîëó÷èòü àíàëîãè÷íóþ îðìóëó, äîîïðåäåëÿÿ u
íóëåì âíå çàäàííîé îáëàñòè è ïðîâîäÿ äèåðåíöèðîâàíèå â êëàññå îáîáùåííûõ óíê-
öèé. Ïîñòóïèì èíà÷å, ÷òîáû âîñïîëüçîâàòüñÿ îðìóëîé (22).
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àñøèðèì îáëàñòü îïðåäåëåíèÿ u (x, t) äî ïîëîñû â R2 × R+ : {a1 6 x1 6 a2 ,
−∞ < x2 < ∞, t > 0} . Òîãäà ãðàíèöà S áóäåò ñîñòîÿòü èç äâóõ ïðÿìûõ x1 = a1, x1 =
a2 , âíåøíèå íîðìàëè êîòîðûõ èìåþò êîîðäèíàòû (-1,0) è (1,0) ñîîòâåòñòâåííî,
∂u
∂n
=
n1
∂u
∂x1
äëÿ x ∈ S ℄, H−S (x) = H (x1 − a1)H (a2 − x1) , n1δS (x) = ∂H
−
S
∂x1
= −δ (x1 − a1) +
δ (x1 − a2) .
Íà îñíîâå ìåòîäà ñïóñêà ïî x2 îðìóëà (25) (òåîðåìà 3.1) ïðåîáðàçóåòñÿ ê âèäó:
uˆ = Uˆ2 ∗ ∂u
∂x
H (t) (δ (x− a2)− δ (x− a1)) + ∂Wˆ2
∂x
∗ u˙ (x, t)H (t) (δ (x− a2)− δ (x− a1)) +
uˆ = Uˆ2 ∗ ∂u
∂x
H (t) (δ (x− a2)− δ (x− a1)) + ∂Wˆ2
∂x
∗ u˙ (x, t)H (t) (δ (x− a2)− δ (x− a1)) +
c−2
(
Uˆ2,t ∗
x
u0 (x)H
−
S (x)
)
+ c−2Uˆ2 ∗ Gˆ (43)
Çäåñü óæå âñå ñâåðòêè áåðóòñÿ â R1 × R+ ëèáî â R1  óíêöèåé ðèíà è åå ïåðâîîá-
ðàçíîé ïðè N = 2 . Ñâåðòûâàÿ ïî x2 , ïîëó÷èì
uˆ = Uˆ (x− a2, t) ∗
t
∂u (a2, t)
∂x
H (t)− Uˆ (x− a1, t) ∗
t
∂u (a1, t)
∂x
H (t) +
Wˆ ,x (x− a2, t) ∗
t
u˙ (a2, t)H (t)− Wˆ ,x (x− a1, t) ∗
t
u˙ (a1, t)H (t) + Wˆ ,x (x− a2, t) u0 (a2)−
Wˆ ,x (x− a1, t)u0 (a1)− c−2
(
Uˆ ∗
x
u˙0 (x)H
−
S (x)
)
− c−2Uˆ ,t ∗
x
u0 (x)H
−
S (x) + Uˆ ∗ Gˆ (44)
Ïîäñòàâèì (40)-(42) â (44) è âûïîëíèì èíòåãðèðîâàíèå, â ðåçóëüòàòå ïîëó÷èì (39).
Ôîðìóëà âûðàæàåò u (x, t) âíóòðè îáëàñòè ÷åðåç íà÷àëüíûå è ãðàíè÷íûå çíà÷åíèÿ
ñàìîé óíêöèè è åå ïåðâûõ ïðîèçâîäíûõ. Ëåãêî ïîêàçàòü, ÷òî îíà ÿâëÿåòñÿ ñïðàâåäëè-
âîé è äëÿ x = a1, x = a2 (ñ ó÷åòîì îïðåäåëåíèÿ (41)). Äëÿ ýòîãî äîñòàòî÷íî îðìóëó
(39) çàïèñàòü äëÿ èíòåðâàëà (a′1, a2) = (a1 + ε, a2) ((a1, a2 − ε) ). Ïîëàãàÿ x = a1 , äåëàåì
ïðåäåëüíûé ïåðåõîä ïî ε→ +0 :
0 = lim
ε→0
c

H (ct− d)
t∫
|x−a2|
c
u,x (a2, τ) dτ −H (ct− ε)
t∫
ε
c
u,x (a1, τ ) dτ

+
+H (ct− d)u (a2, t− d/c) + + sgn (−ε)H (ct)u (a1, t) + c−1
a2∫
a1+ε
u˙0 (y)H(ct− |a1 − y|)dy+
+u0 (a1 + ct)H
−
S (a1 + ct) + u0 (a1 − ct)H−S (a1 − ct) =
= c

H (t− d/c)
t∫
|x−a2|
c
u,x (a2, τ) dτ −
t∫
0
u,x (a1, τ ) dτ

+H (t− d/c)u
(
a2, t− d
c
)
+
−H (t) u (a1, t) + c−1
a2∫
a1
u˙0 (y)H(t− |a1 − y| /c)dy + u0 (a1 + ct)H−S (a1 + ct)+
+u0 (a1 − ct)H−S (a1 − ct)
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( d = |a1 − a2| ). Ïåðåíîñÿ ñëàãàåìîå −H (t)u (a1, t) â ëåâóþ ÷àñòü, ñ ó÷åòîì çíà÷åíèÿ
õàðàêòåðèñòè÷åñêîé óíêöèè íà ãðàíèöå, ïîëó÷èì îðìóëó òåîðåìû äëÿ ëåâîé ãðàíè-
öû. Àíàëîãè÷íûå ðàññóæäåíèÿ ïðîâîäÿòñÿ äëÿ x = a2 . Â ðåçóëüòàòå íà êîíöàõ îòðåçêà
(a1, a2) èìååì ñëåäóþùèå ñîîòíîøåíèÿ äëÿ îïðåäåëåíèÿ íåèçâåñòíûõ:
u(a1, t) = cH (ct− d)
t∫
d/c
u,x (a2, τ) dτ − cH(t)
t∫
0
u,x (a1, τ) dτ +H (ct− d) u
(
a2, t− d
c
)
+
+c−1
a2∫
a1
u˙0 (y)H(ct− |a1 − y|)dy + u0 (a1 + ct)H (d− ct)H (t) äëÿ x = a1;
u(a2t) = cH (t)
t∫
0
u,x (a2, τ) dτ − cH (ct− d)
t∫
d/c
u,x (a1, τ ) dτ +H (ct− d) u
(
a1, t− d
c
)
+
+c−1
a2∫
a1
u˙0 (y)H(ct− |a2 − y|)dy + u0 (a2 − ct)H (d− ct)H (ct) äëÿ x = a2.
Ïðè çàäàííûõ u,x (ak, t) , k = 1, 2 , ïîëó÷èì äâà óíêöèîíàëüíûõ óðàâíåíèÿ ñ çàïàç-
äûâàþùèì àðãóìåíòîì äëÿ îïðåäåëåíèÿ u íà ãðàíèöå îáëàñòè, êîòîðûå ìîæíî ðåøàòü
ïîøàãîâî ïî âðåìåíè, íà÷èíàÿ ñ t=0: Ïðè èçâåñòíûõ u (a1, t) , u (a2, t) - ýòî óæå ñèñòåìà
èíòåãðàëüíûõ óðàâíåíèé, ãäå èñêîìûå óíêöèè (k=1, 2) ñòîÿò ïîä çíàêîì èíòåãðàëà.
Ìîæíî ðàññìîòðåòü ñìåøàííóþ çàäà÷ó, êîãäà íà îäíîì êîíöå èçâåñòíà óíêöèÿ, à íà
äðóãîì åå ïðîèçâîäíàÿ. È â ýòîì ñëó÷àå ýòà ñèñòåìà óðàâíåíèé ÿâëÿåòñÿ ðàçðåøàþùåé.
Çàêëþ÷åíèå. Ïîëó÷åííûå ðåøåíèÿ ÊÇ ðàíåå áûëè îïóáëèêîâàíû áåç äîêàçàòåëüñòâ
â [3,4℄ â âèäå êðàòêèõ ñîîáùåíèé (òàì åñòü îïèñêè â çíàêàõ ñëàãàåìûõ). Îäíàêî àâòîðó
ïðåäñòàâëÿåòñÿ íåîáõîäèìûì èçëîæåíèå ñàìîãî ìåòîäà îáîáùåííûõ óíêöèé (ÌÎÔ)
íà ïðèìåðå ÊÇ äëÿ âîëíîâîãî óðàâíåíèÿ. Èñïîëüçóÿ åãî ìîæíî ïîñòðîèòü àíàëîãè÷-
íûå îðìóëû è ãðàíè÷íûå èíòåãðàëüíûå óðàâíåíèÿ äëÿ ðåøåíèÿ ÊÇ â ïðîñòðàíñòâàõ
áîëüøåé ðàçìåðíîñòè ( N > 3 ). Îñîáåííî ýåêòèâåí ýòîò ìåòîä â êðàåâûõ çàäà÷àõ
äëÿ ñèñòåì óðàâíåíèé ñ ÷àñòíûìè ïðîèçâîäíûìè ñ ïîñòîÿííûìè êîýèöèåíòàìè, êî-
ãäà óäàåòñÿ ïîñòðîèòü ìàòðèöó ðèíà ñèñòåìû. Ïðè ýòîì íåñóùåñòâåíåí òèï óðàâíåíèé,
îí ìîæåò áûòü è ýëëèïòè÷åñêèì, êàê, íàïðèìåð â [5℄, ïàðàáîëè÷åñêèì èëè ñìåøàííîãî
òèïà [6,7℄ .
Íî îñîáåííî ýåêòèâåí ÌÎÔ äëÿ ðåøåíèÿ ãèïåðáîëè÷åñêèõ óðàâíåíèé, ãäå èñïîëü-
çîâàíèå àïïàðàòà êëàññè÷åñêîãî äèåðåíöèðîâàíèÿ âåñüìà çàòðóäíèòåëüíî, à èíîãäà
è ïðîñòî íåâîçìîæíî (ñì., íàïðèìåð, [8,9℄). Èññëåäîâàíèå ðàçðåøèìîñòè ïîñòðîåííûõ
ÈÓ, êîòîðûå äëÿ çàäà÷ ñ ãðàíè÷íûìè óñëîâèÿìè òèïà Íåéìàíà, ÿâëÿþòñÿ ñèíãóëÿð-
íûìè, ïðåäñòàâëÿåò ñàìîñòîÿòåëüíóþ çàäà÷ó óíêöèîíàëüíîãî àíàëèçà, ïîñêîëüêó ïî-
ñòðîåííûå óðàâíåíèÿ íå îòíîñÿòñÿ ê õîðîøî èçó÷åííûì êëàññè÷åñêèì. Îäíàêî çàìåòèì,
÷òî èñïîëüçîâàíèå âû÷èñëèòåëüíûõ ìåòîäîâ íà îñíîâå ìåòîäîâ ãðàíè÷íîãî ýëåìåíòà ñ
ïåðåõîäîì ê äèñêðåòíûì àíàëîãàì ÈÓ, ïîçâîëÿåò äîñòàòî÷íî ýåêòèâíî ñòðîèòü ðå-
øåíèÿ ïîäîáíûõ ÈÓ [6,10℄.
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